Energy harvesting has many potential applications for structures with broadband excitation, such as aircraft noise and low frequency vibrations from human motion. The advantage with a vibro-impacting system is the capability of converting low frequency response to high frequencies. A coupled beam system is base excited and the influence of different system parameters are studied. Exciting the system at a single resonant frequency highlights the influence of clearance and base excitation amplitude on the beam responses. The frequency sweep study shows the sensitivity of the power generated to the contact stiffness, damping and clearance between the beams. The power generated by the coupled system from the non-linear impact is sensitive to the thickness ratio of the beams and the clearance. The variation in thickness ratio alters the spacing of the natural frequencies of the system which causes modes to interact. This study shows that higher power is produced than the linear system, depending on the dissimilarity in the mode shapes of the interacting close modes.
Introduction
The requirement for harvesting energy from low powered devices has gained impetus recently. Vibration-based MEMS energy harvesters have received increased attention as a potential power source for microelectronics and wireless sensor nodes. The purpose is to reduce or completely avoid battery replacement since these are generally placed at less accessible locations. These micro-systems are useful in built environment control, emergency response, monitoring and control of manufacturing processes and health monitoring of airframes, ships, cars and drilling [1] .
There are different methods of transduction for vibration to electricity conversion such as piezoelectric, electromagnetic and electrostatic. These operate most effectively at frequencies more than 100 Hz [2] [3] [4] . Among the different transduction mechanisms piezoelectric transduction has received the most attention recently [5] . Typically piezoelectric harvesters consist of a cantilever beam with one or more piezoelectric patches mounted on a host vibrating structure.
Generally a low resonance frequency requires a large structure, and hence a major design challenge is to achieve small size and low resonant frequency. Limitations are imposed due to the microfabrication process and the brittle properties of silicon material.
The power generated from the harvester is generally considered proportional to the cube of the excitation frequency and drops dramatically at low frequencies [6] . However there are a wide range of potential applications where it would be useful to harvest energy from low frequency vibration. The application areas range from human motion ( o10 Hz), vehicle ( o 20 Hz) and machine vibrations (50 Hz) [7] [8] [9] .
The principal challenge associated with these systems is the frequency range in which useful power can be extracted. Earlier studies of energy harvesting systems considered mostly linear stationary responses close to the resonance. This limitation is further aggravated by the fact that these micro-systems are also designed to have high quality factors to minimize the energy dissipation, further narrowing the optimal operating frequency band. Various techniques have been used to adjust the vibration characteristics of the harvester structure. These include attaching concentrated masses [10, 11] , varying the geometry of the structural member [12] and using mechanical preload for frequency adjustment [13] . However the above strategies are all still based on exciting the resonant frequency of a particular mode.
The effectiveness of linear oscillators reduces when the excitation from ambient vibration is distributed over a wide range of frequencies and when very low frequencies dominate the spectrum [7, 14] . The requirement for an effective harvester in the low frequency range and for broadband excitation provided an impetus to exploit the effects of non-linearity. Various techniques have been explored to exploit the non-linearity, namely Duffing [15] [16] [17] [18] , impact [19] [20] [21] [22] [23] and bistable oscillator designs [24] . The present study will consider the non-linearity induced in the system due to impact. Babitsky [25] analysed a vibro-impacting oscillator with symmetric stops and the effect of random vibration on the system. It was observed that the frequency of oscillation is high when the clearance is less than the standard deviation of the seismic mass displacement in the absence of stops. This finding has important implications from a design perspective to restrict the clearance.
Previous studies indicate that vibro-impact excites the higher modes of the system. The excitation of higher modes could result in higher power generation. For a linear system the harvester is usually designed to produce power at the resonant frequencies of the system. However with a non-linear vibro-impacting system, since the response becomes broadband, a robust harvester that is effective across a wide range of excitation frequencies could be designed. One of the configurations previously explored by various authors [26, 27] to increase the number of resonant modes is the coupled structure. Yang et al. [26] analysed the effect on the energy harvested of a symmetric structure. The system consisted of two identical beams clamped at the base excitation end and the other end was attached to a concentrated mass by a spring element. However it has been found that asymmetry in the system can increase the response within the coupled linear system [28, 29] .
The present study will investigate the possibility of similar effects within a non-linear system. A system consisting of two beams with a localised non-linearity induced by an impact was modelled theoretically to explore the effect of frequency up conversion on the power generated from the harvester.
Model description
The schematic model of the system is shown in Fig. 1 . The beams were clamped at one end and the whole system is base excited at frequency ω e . A thickness ratio for the beams of 0.5 was chosen initially to analyse the influence of asymmetry on the system response. The dimensions of the system are given in Table 1 , and the natural frequencies of the uncoupled system are given in Table 2 . The displacements of the thin and the thick beams at the free ends are denoted by y 1e and y 2e respectively. The clearance between the beams is denoted by δ. The two beams behave independently without impact and during contact the beams motions are coupled through the non-linear contact. The system is excited both by the base excitation and by the non-linear impact.
A piecewise linear multi degree freedom system is considered for the analysis. Analytical formulation for the system is possible, however is not considered in the scope of the paper. The coupled system is modelled by finite element analysis using 30 EulerBernoulli elements for each beam. The impact force is given by
The contact element is active when the relative displacement (y 2e À y 1e ) is less than the clearance (δ) between the beams. The non-linearity is induced by the intermittent contact occurring between the beams. The equation of motion of the whole system is given by
where M is the mass matrix, C is the damping matrix, K is the stiffness matrix, Y is the generalised displacement vector for both beams, Y adof is a vector with unit entries corresponding to the translational degrees of freedom for the base excitation, F imp is the impact force vector having non-zero entries with opposite sign corresponding to the degrees of freedom where the impact occurs, α is the base excitation amplitude and ω e is the base excitation frequency. The magnitude of base excitation and the coupling spring constant were fixed at 0.2 mm and 10 3 N=m respectively. Time integration was performed using the fourth-order Runge-Kutta method with a variable time step. Proportional modal damping was included in the coupled system beams and the damping coefficient (ζ) was assumed to be 0.5%. Model reduction was applied to the system and the system was projected to a reduced modal space. Modal reduction cuts off the energy from the higher modes which has higher damping hence will not have significant influence on the beam response. The duration of penetration or contact is shown in Fig. 2 and the bandwidth excited is inversely proportional to the contact duration [30] . This spans approximately the first 12 modes of the individual beams. The next stage is to determine the parametric dependence of the system.
Parametric study on the beam response bandwidth
A parametric study was carried out using a sine sweep across a frequency range for two different clearances between the beams. The magnitude of base excitation and the coupling spring constant were fixed at 0.2 mm and 10 3 N=m respectively. The system was analysed for two different clearances of 5 mm and 90 mm between the beams. A sine sweep in frequency was carried out from 0 to 35 Hz with a step size of 0.5 Hz for each of the clearance cases. The maximum amplitude from the temporal response corresponding to each excitation frequency was determined. Fig. 3 shows the variation in the response for two different clearances between the beams. It can be observed that for a clearance of 5 mm the response of the system at the resonance peaks are less sharp. For a low clearance the system response is non-linear with the non-linearity induced by the contact. However for the 90 mm clearance the resonance peaks become more distinct and typical of a linear system behaviour. For a high clearance between the two beams the response is linear, as expected. The system response for 5 mm clearance has an increase in response near 14 Hz and 30 Hz, which are close to the second natural frequencies of the thin and thick beams respectively. Since the response of the system was relatively high at 29.09 Hz further analysis was carried out by base exciting the system at this frequency. The temporal variation in the clearance between the beams is shown in Fig. 4 (a). A negative value, i.e. δoðy 2e À y 1e Þ, indicates that the beams are in contact. Fig. 4 (b) shows the spectrum of the contact force. The spectrum is generated by carrying out block averaging of the Fourier transform of the response from 40 to 100 s using 146 sections. The block averaging was carried out to smooth the response spectrum. The response is noisy due to the fact that the system contains both the steady and transient responses. The contact can be considered as repeated impacts with an impulse hammer which reduces the coherence of the response.
The advantage of using an energy harvester with non-linear impact is that the higher modes are excited and this feature is explored by exciting the system at 29.09 Hz. The response of the thick beam (y e2 ) at the location of impact is analysed. The variation in the frequency response of the beam due to parametric variation in the excitation force and clearance between the beams was analysed.
The block averaged response spectra of the system obtained corresponding to two different clearances of 5 and 20 mm between the beams are shown in Fig. 5(a) . For the higher clearance case the response is linear with the peak amplitude occurring at the resonance of the thick beam. However for the system with reduced clearance it can be observed that more modes are excited in the response spectrum. A similar observation can be made with the variation in base excitation amplitude. Fig. 5(b) shows the block averaged frequency response function for a fixed clearance (δ) of 10 mm and two different base excitation amplitudes of 0.1 mm and 0.2 mm. For the lower base excitation amplitude the response of the system is linear with a single peak near the natural frequency of the thick beam however for the higher base excitation amplitude multiple peaks can be observed in the frequency spectrum corresponding to higher frequencies.
Piezoelectric modelling
The influence of system parameters on the beam responses was determined in the previous section. The beam responses determine the power generated and the next step is to analyse the effectiveness of the power generated from the piezoelectric patch. Piezoelectric material can be added to the beam in either unimorph or bimorph configuration [31] [32] [33] . For the present system a unimorph is considered and the details of the piezoelectric patch used are given in Table 3 . The piezoelectric patch is attached to the root of the clamped beams as shown in Fig. 1 . This position was chosen because a high curvature is expected at the root compared to other locations on the beam.
The mechanical deformation generates a voltage across the piezoelectric patch. This is the direct piezoelectric effect. The electrical voltage generates a feedback on the mechanical domain creating a moment proportional to the voltage.
The charge produced is proportional to the strain in the PZT which is proportional to y ″ 2 where y 2 is the deformation of the beam. The piezoelectric patch behaves electrically like a capacitor and the charge produced is assumed proportional to the slope of the modes at the nodes of the piezoelectric patch [32, 31] .
The mechanical domain equation of motion including converse piezoelectric effect is
where θ is a vector in the physical domain with entries at the rotational degrees of freedom in the reduced modal domain for the nodes corresponding to the extreme ends of the piezoelectric patch. The piezoelectric equation of motion including the direct piezoelectric effect is
where C p is the piezoelectric patch capacitance, V is the voltage, R is the load resistance and θ T _ Y incorporates the influence of mechanical displacement on the current generated from the piezoelectric patch. The average power scavenged between time t 1 and t 2 is calculated by integrating the temporal response as
Optimal resistance
For the present system the capacitance within the circuit is from the piezoelectric patch. The load resistance of the system can be varied in order to maximize the power generated. Liao et al. [34] analysed an RC circuit to determine the optimal system parameters to maximize the energy harvested. If the electromechanical coupling is weak, it was observed that the optimal resistance is approximately equal to 1=ωC p and for a higher coupling stiffness a correction term is required. The optimal resistance in our system using this approximate expression is 0:106 MΩ. The variation in the power generated with variation in the load resistance around the optimal value is shown in Fig. 6 and indicates that the approximate expression gives a good estimate of the optimal load resistance. 
Parametric study on power generation
A parametric study on different system parameters, namely the contact stiffness, damping and the clearance, was carried out, and the power generated was analysed. The load resistance was chosen as 0:1 MΩ. A frequency sweep was carried out from 0 to 35 Hz. The average power generated was estimated for each case and the results are plotted in Fig. 7 . It can be observed from all the plots that the power is significantly higher at the resonance frequencies of the individual beams. Fig. 7(a) shows the variation in the average power generated across the frequencies for different contact stiffnesses. The contact causes higher frequencies to be excited, however contact can be considered as a constraint therefore increasing the contact stiffness could also restrict the beam responses. The constraint effect is dependent on the stiffness of the beam relative to the contact spring. Therefore the contact stiffness increase need not always result in an increase in power since it is an interplay between counteracting phenomena of broadband excitation and the constraint effect. The excitation of higher frequencies increases the power harvested however the constraint effects counteract it. Fig. 7(b) shows the variation in the average power generated across the frequencies corresponding to different damping ratios, and it can be observed that with an increase in mechanical damping the spread across the peaks reduces which implies that the effectiveness of the harvester diminishes. However there is a caveat that in the physical system the converse piezoelectric effect also induces an influence on the beam responses similar to damping.
The influence of clearance on the power generated is shown in Fig. 7(c) . It can be observed that with the reduced clearance the possibility of impact between the beams increases even in the frequency regions slightly away from the resonant peaks, where response amplitudes are generally lower.
Asymmetry and influence on power generation
The study until now has focussed on a fixed thickness ratio (z) between the beams. The influence of asymmetry on the system response can be analysed by varying the thickness ratio of the beams. The thicknesses of the beams influence the modal density within the bandwidth of excitation. The variation in the natural frequency of the uncoupled system for a fixed thickness of the thick beam and different thickness of the thin beam is shown in Fig. 8 .
In order to understand the advantage of using a non-linear system a comparison with the power generated using a linear system was carried out. The single beam system was a base excited unimorph configuration. The beam was excited at ω e ¼ 29:09 Hz which corresponds to the second natural frequency of the thick beam. The system was base excited with α ¼ 0:2 mm. The damping ratios of the beams were chosen as 1%. The thickness of the beam was varied and the variation in power generated is shown in Fig. 9(a) . The peaks in the power generated are located at the thickness which produces a natural frequency at the excitation frequency of 29.09 Hz.
A similar study was carried out for the coupled beam system. The thickness of one beam was fixed at 0.5 mm and the thickness of the second beam was varied. Piezoelectric patches were attached to both beams in a unimorph series configuration. For the parametric study the general interest are in the thickness ratios where the thin and the thick beams have close modes. For these cases the interaction of the beam is very sensitive to the phase of the beam response. The power generated was analysed for two different clearances, 5 and 20 mm, between the beams and the results are shown in Fig. 9(b) . For 20 mm clearance the response is less influenced by the thickness ratio variation and is similar to a single beam shown in Fig. 9(a) . The difference of the coupled and the single beam system is that in the coupled beam system the thick beam is always resonating. However for 5 mm clearance the power generated is different from the single beam response. Since the thickness ratio modifies the frequencies and their spacing this also provides an indication of the broadband nature of the response for 5 mm clearance. For 5 mm clearance where the system is non-linear for most of the thickness ratios two distinct features can be noticed that are different from the linear system, namely high power generation is observed at a thickness ratio of 0.17 and a drastic drop in power compared to the linear system is observed near to a thickness of 0.45 mm.
For the 20 mm clearance case the response is mostly linear with the power generated being nearly twice the linear system at the resonant frequencies. The power was highest for both 5 and 20 mm clearances at the thickness ratio of 0.17 and frequencies of thick and thin beam were close. An analysis was carried out selecting two thickness ratios 0.16 and 0.17 and the corresponding voltage spectrum is shown in Fig. 10 . The voltage spectrum was analysed since this would include the effects of both the thick and thin beams in the response. The frequencies within the 100 Hz bandwidth are shown and higher modes were not analysed. For the 0.16 and 0.17 thickness ratio the response is non-linear irrespective of the thickness for 5 mm clearance. However with a clearance of 20 mm the system behaves linearly.
A comparison of the voltage spectrum corresponding to the thickness ratios of 0.16 and 0.17 with a clearance of 5 mm is shown in Fig. 11 . The number of modes excited due to impact within the bandwidth of 100 Hz is similar for two thickness ratios, as observed from Table 4 and the voltage spectrum in Fig. 11(c) . The main difference between the two thickness ratios is the closeness of the natural frequencies of the thick and the thin beams, in relation to the base excitation frequency, since the system is excited near the second natural frequency of the thick beam.
The uncoupled natural frequencies of the system corresponding to 0.16 and 0.17 thickness ratios are given in Table 4 . It can be observed that the frequency of the thick and the thin beams are close near to 5 Hz and 29 Hz. Frequencies other than the resonant frequencies are observed since the transients are always present due to the non-linear impact. The excitation of higher modes is also shown in Fig. 10 . Since the system is asymmetric the coincident frequencies will have different mode shapes. Further analysis is carried out for the frequency near 29 Hz since the higher frequencies produce more power. For the frequency near 29 Hz the fourth mode of the thin beam is near the second mode of the thick beam. Since the close frequencies have different mode shapes the influence of the impact on the power generation could be higher. A closer frequency match with respect to the excitation frequency is observed at the 0.17 thickness ratio resulting in higher power.
In order to understand the reason for the higher power, the impact force spectrum was compared, as shown in Fig. 12 . A higher impact force is generated for the thickness ratio of 0.17 which indicates a better interaction due to the non-linear impact.
A drop in power was observed when the thickness of the beams were nearly equal. A similar analysis was carried out for the thickness ratios of 0.79 and 0.91 which produced power of 4 and 1 μW respectively. The clearance between the beams was fixed at 5 mm. The natural frequencies of the system are shown in Table 5 . As expected, since the dimensions are nearly the same, the frequencies and mode shapes should be similar. A comparison of the voltage spectrum is shown in Fig. 13 . The number of modes excited is similar however the magnitudes are different, which could be due the fact that the modes are nearly in-phase and detuning of the system natural frequency by altering the thickness ratio modifies the power generated. The results from the study indicate that the interacting modes within the bandwidth of excitation from impact influences the power generated from the harvester. A nearly symmetric structure which produces a high number of close modes does not necessarily produce high power since the interacting modes are nearly in phase thereby reducing the intensity of the impact.
Optimization study on controllable system parameters
The parametric study revealed that the controllable parameters such as the thickness, clearance and resistance can influence the power generated. The system can be optimised for these parameters with the objective of maximizing the power generated. A hypercube space with different thickness, clearance and resistance was spanned with 500 design points using Latin Hypercube Sampling (LHS) [35, 36] . A nominal value of 0.3, 0:3 MΩ and 2.5 mm were chosen for the thickness ratio, resistance and clearance respectively. The design points were bounded within 0.1-2 Â the nominal values. The standard deviation was chosen as 0.25 Â the nominal value. A gradient based optimization [37] [38] [39] was carried out corresponding to each design point. An optimal power of 6 mW was obtained corresponding to thickness ratio of 0.168 was obtained corresponding to a resistance of 0:147 MΩ. The thickness ratio is near the maximum obtained from the parametric study and the resistance value was near the optimal.
However the variation in power generated indicated less sensitivity to clearance within the optimization range.
Conclusion and discussion
The results from the study indicate that energy harvesting using impact is a viable option to improve the operational bandwidth of the harvester. Contrary to the linear system where only one mode is excited, with the non-linear impact more modes are excited for the same base excitation frequency. The key mechanical parameters of the system which can be used to control the performance are the clearance and the contact stiffness. Variation in contact stiffness alters the power depending, for a given thickness ratio and clearance, on whether the constraint effect (which reduces the power) or the broadband excitation (which increases the power) dominates the response.
The power generated is highly sensitive to the clearance and the thickness ratio. A higher clearance reduces the possibility of impact. The spectrum of the voltage generated with impact from the coupled system indicated multiple peaks due to the excitation of higher modes. The power generated depends on the number of close modes within the bandwidth excitation of non-linear impact. However it was observed that the close modes should have dissimilar mode shapes. For example the beams of similar dimensions will have all the uncoupled modes close by but will produce less power. This occurs because the mode shapes will be nearly identical, and hence it oscillates nearly in phase causing the constraint effect to dominate over the advantage gained from exciting the higher modes of the system. The results from the study indicate that by carefully detuning the frequencies and the contact stiffness of the system vibro-impact can produce more power than a linear system. The present optimization study indicates that the tuning of the thickness ratio is more crucial than clearance within the optimization range considered. The optimised parameters can be considered for further experimental validations. However the optimization carried out did not consider the length of the piezoelectric patch, as a continuous piezoelectric patch can cause cancellation of electric charges [40] . Since the multiple modes are excited further improvement in the power generated could be carried out using segmented piezoelectric patches [40, 41] . 
